Abstract. The family of Euclidean triangles having some fixed perimeter and area can be identified with a subset of points on a nonsingular cubic plane curve, i.e., an elliptic curve; furthermore, if the perimeter and the square of the area are rational, then those triangles with rational side lengths correspond to rational points on the curve. We first recall this connection, and then we develop hyperbolic analogs. In the hyperbolic setting, the analogous plane curve is a quartic with two singularities at infinity, so the genus is still 1. We can add points geometrically by realizing the quartic as the intersection of two quadric surfaces. This allows us to construct nontrivial examples of rational hyperbolic triangles having the same inradius and perimeter as a given rational right hyperbolic triangle.
Euclidean Triangles and Cubic Curves
Consider a Euclidean triangle ∆. The angle bisectors are concurrent in a point called the incenter. Furthermore, the distances from the sides of ∆ to the incenter are all equal, so this determines an inscribed circle, called the incircle. We define the inradius r to be the radius of the incircle. The inradii joining the incenter to the three intersection points of the incircle with ∆ determine three central angles α, β, γ, and three partial side lengths a, b, c, as in Figure 1 below. where
The graph of C r,s in the affine real plane has four components (see Figure 2) , one in each quadrant. The point (a, b) from ∆ is, of course, in the first quadrant.
In fact, we get up to six points on C r,s coming from ∆ (see Figure 3) , namely, (a, b), (b, c), (c, a) and the transposes (b, a), (c, b), (a, c). We homogenize Eq. 1.3 to view C r,s as a curve in P 2 (C) with projective coordinates [x, y, z]; it is nonsingular provided that s > 3 √ 3r (i.e., ∆ is non-equilateral) and has the following three points at infinity: [1, 0, 0], [0, 1, 0], and [1, −1, 0]. There is a natural group law on the points of C r,s which can be interpreted geometrically via the usual tangent/chord construction: for points P , Q, we take P + Q to be the reflection about the line y = x of the third intersection point P * Q of C r,s with the secant/tangent line for P , Q. . If ∆ is isosceles (e.g., when a = b), then we get three corresponding points on C r,s , one of which has order two. In fact, there are always three real points on C r,s of order two when s > 3 √ 3r, and exactly two of those points come from distinct isosceles triangles.
There is an easily determined Weierstrass form which gives us a different, but related, structure of an elliptic curve in the non-equilateral case, namely, The curves C r,s are very natural and symmetric, but the curves E r,s are better suited for computer computations because of their simple Weierstrass equations. We say that ∆ is rational if 1 , 2 , 3 ∈ Q. In this case, Eq.s 1.2 and 1.4 imply a, b, c, r 2 ∈ Q, so both C r,s and E r,s have coefficients in Q and (a, b) is rational point on C r,s which maps to a rational point (−sr 2 /a, sr 2 b/a) on E r,s ; thus we can exploit the group structure on E r,s (Q) to generate other triangles with rational side lengths having the same semiperimeter s and inradius r. Also, note that the area A of ∆ is determined by r, s via Heron's formula A = √ sabc = rs. Thus all the Euclidean triangles of area A and perimeter 2s give rise to points on C r,s , so this family of curves is similar to those found in generalizations of the congruent number problem (see Problem 3 in Section 2, Chapter I of [Kob93] ) with a key distinction being that here we have a fixed perimeter rather than a fixed interior angle. These curves C r,s are therefore more similar to those studied in [CG] and/or [GM06] .
is a bijection from the rational points (x 0 , y 0 ) on C r,s having x 0 , y 0 > 0 to the sequences of side lengths of rational Euclidean triangles having semiperimeter s and inradius r.
Proof. We have already seen from above construction that sequences of side lengths of rational triangles give rise to rational points on C r,s in the first quadrant; in particular, the map is onto. Conversely, suppose (x 0 , y 0 ) is a rational point on C r,s in the first quadrant. Then we claim (x 0 + y 0 , s − x 0 , s − y 0 ) is a sequence of side lengths of a triangle. It suffices to check the inequalities
where the last inequality follows from
It remains only to note that (
Example 2. Consider the familiar right triangle with side lengths 4, 5, 3. The semiperimeter is s = (4 + 5 + 3)/2 = 6 and the inradius is r = (6 − 4)(6 − 5)(6 − 3)/6 = 1. We can take a = (4−5+3)/2 = 1 and b = (4+5−3)/2 = 3, which yields a point (1, 3) on C r,s . This point maps to the point P = (−6/1, 6 · 3/1) = (−6, 18) on the elliptic curve E r,s . We can compute 3P = (−35/9, 343/27) in E r,s (Q) either by hand or with SAGE, which comes from the point (x 0 , y 0 ) = (54/35, 49/15) on C r,s . Thus we can construct a rational triangle with lengths x 0 + y 0 = 101/21, s − x 0 = 156/35, and s − y 0 = 41/15. This produces a non-right triangle which also has inradius 1 and semiperimeter 6. In particular, we have two non-congruent triangles with rational side lengths having the same perimeter 12 and area 6. We should note that it is not a priori obvious why rational Euclidean triangles having the same area and perimeter are not necessarily congruent (see [SR08] for further discussion of this point).
In fact, E r,s (Q) has rank 1 with E r,s (Q) = Z · P as checked by SAGE, and we can generate arbitrarily many such examples in the same way by taking odd multiples of P . The even multiples of P do not give us triangles since the corresponding points on C r,s are not in the first quadrant. This is because the component of C r,s in the first quadrant is the boundary of a convex region, so the sum of two points on that component lies on a different component.
Hyperbolic Triangles and Quartic Curves
Consider now a hyperbolic triangle ∆ in the Poincaré upper half-plane, so each side is either a vertical line segment or the arc of a circle whose center lies on the boundary axis. Again, the angle bisectors are concurrent in a point called the incenter, and the hyperbolic distances from the sides of the triangle to the incenter are all equal, so this determines an inscribed circle, called the incircle. Note that a hyperbolic circle is a Euclidean circle, but the hyperbolic center is not the Euclidean center. We define the inradius r to be the hyperbolic radius of the incircle. The inradii joining the incenter to the three intersection points of the incircle with ∆ determine three central angles α, β, γ, and three partial side lengths a, b, c, as in Figure 4 below. Therefore Eq. 2.1 implies that we get a point
on the quartic curve
Here the formula for σ comes from the identitỹ 1 +˜ 2 +˜ 3 +˜ 1˜ 2˜ 3 1 +˜ 1˜ 2 +˜ 2˜ 3 +˜ 3˜ 1 = tanh( 1 + 2 + 3 ) = tanh(2s) = 2σ 1 + σ 2 , and the formula for ρ 2 comes from 1 ρ 2 =ã +b +c abc = 1 bc + 1 ac + 1 ab .
The graph of Q ρ,σ in the affine real plane has five components (see Figure 5 ). The point (ã,b) from ∆ is, of course, on the component contained in (0, 1) × (0, 1). As in the Euclidean case, There is a natural change of coordinates (X, Y ) = (xy, x + y) so that α 2 − Y α + X = (α − x)(α − y). Thus if X, Y are in a subfield F of C, then x, y will be in F precisely when Y 2 − 4X = Z 2 for some Z ∈ F . This allows us to view our curve as the intersection of two quadric surfaces
Thus the curve can be visualized, as in Figure 6 , as the intersection of a hyperbolic cylinder (red) and a hyperbolic paraboloid (blue). We homogenize Eq. 2.6 and view H ρ,σ as a curve in P 3 (C) with projective coordinates [X, Y, Z, T ]. There is a geometric way of combining points on H ρ,σ with respect to the point O = [−1, 0, 2, 1]: for points P , Q, we take P + Q to be the fourth intersection point of H ρ,σ with the plane spanned by O and the secant/tangent line for P , Q. See [WJG03] for a more detailed exposition of curves arising from the intersections of two quadric surfaces.
We say that ∆ is rational if˜ 1 ,˜ 2 ,˜ 3 ∈ Q. Note that ∆ being rational does not imply σ ∈ Q since, e.g., taking˜ 1 = 1/2 =˜ 2 and˜ 3 = 1/3 gives σ = 
In any case, it is clear from Eq.s 2.2 and 2.5 that if ∆ is rational and σ ∈ Q, then we must also haveã,b,c, ρ 2 ∈ Q.
Theorem 3. Suppose σ, ρ 2 ∈ Q with σ ≥ 3 √ 3ρ 1+ρ 2 1+9ρ 2 > 0. Then the assignment
is a bijection from the rational points (x 0 , y 0 ) on Q ρ,σ having 1 > x 0 , y 0 > 0 to the sequences of side lengths of rational hyperbolic triangles having semiperimeter s = tanh −1 (σ) and inradius r = sinh −1 (ρ).
Proof. We have already seen from the above construction that sequences of side lengths of rational hyperbolic triangles give rise to rational points on Q ρ,σ in (0, 1)×(0, 1); in particular, the map is onto. Conversely, suppose (x 0 , y 0 ) is a rational point on Q ρ,σ in (0, 1) × (0, 1). Then we claim tanh −1
is a sequence of side lengths of a rational hyperbolic triangle. We have the inequalities
It remains only to note that (tanh This example would have been very difficult to find by hand, i.e., without exploiting the elliptic curve structure.
Appendix A. Two Trigonometric Identities
The key identity we used in deriving our plane curves came from relations among the tangents of half the central angles.
Theorem 5 (Triple Tangent Identity). Suppose θ 1 + θ 2 + θ 3 = π. Then tan(θ 1 ) + tan(θ 2 ) + tan(θ 3 ) = tan(θ 1 ) tan(θ 2 ) tan(θ 3 ).
Proof. Using oddness, π-periodicity, and the addition law, we get − tan(θ 3 ) = tan(π − θ 3 ) = tan(θ 1 + θ 2 ) = tan(θ 1 ) + tan(θ 2 ) 1 − tan(θ 1 ) tan(θ 2 ) .
In the hyperbolic case, the trigonometric formulas for right triangles involved hyperbolic tangents of side lengths, so we needed to make use of an iterated addition law. 
